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Abstract 
Many of the machine learning algorithms are based on an assumption of attribute 

independency and often used in domains where the assumption doesn’t hold true. Naïve 

Bayesian (NB) classifier makes assumption that all the features are conditionally independent 

given the class labels; In this paper, attribute dependencies were analyzed using Chi-Square 

test and the Principal Component Analysis (PCA) was carried out on the whole dataset to get 

a set of features. We have also applied PCA on the independent attributes of the data with a 

view to get a more compressed set of features that may lead to reliable accuracy for NB 

Classifier. The performance of the classifier was experimented for the combined approach as 

well as individual Chi-Square and PCA only approach with variation in dataset sizes. It was 

found that, for the used dataset, reduced dimensionality of the dataset according to Chi-

Square independency test as well as the combined approach has come out with much better 

performance than PCA only approach, but considering the time, the combined approach is 

better. 
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INTRODUCTION  
In machine learning, classification is the 

process of assigning a new instance to one of a 

given set of classes. Decision tree classifiers, 

Rule-based classifiers, Bayesian classifiers, 

Support vector machines (SVM), artificial 

neural networks and Ensemble methods are 

most prominent classification methods. In this 

paper, we have worked with Naïve Bayesian 

classifier. This classifier is an example of 

supervised learning. In supervised learning, 

the training set consists of a set of n ordered 

pairs (x1,y1),(x2,y2),…, (xn,yn) where each xi is 

some measurement or set of measurements of 

a single example data point, and yi is the label 

for that data point [1]. Naïve Bayesian 

classifier is very popular for its simplicity and 

robustness. It is a statistical classifier, based on 

Bayes theorem. It has its own appeal because 

it is easy to understand and the induction of 

theses classifiers is extremely fast, requiring 

only a single pass through the data if all 

attributes are discrete. This classifier is very 

robust to irrelevant attributes and classification 

takes into account evidence from many 

attributes to make the final prediction, a 

property that is useful in many cases where 

there is no “main effect” [2, 3].  Performance 

of classification algorithms are often affected 

by the features used from the training set. 

Among feature selection techniques, statistical 

techniques involves mostly correlation 

analysis of attributes [4], on the other  hand  

Conceptual techniques involves use of 

Decision tree, Decision rules and similar 

machine learning tools to get  the desired 

feature subset [5]. Combined  conceptual and 

statistical approaches are also used besides 

Rough Set, as well as evolutionary techniques 

like Genetic algorithm [6–8]. 

 

But Bayesian classifier assumes that the effect 

of an attribute value on a given class is 

independent of the values of the other 

attributes. This assumption is called class 

conditional independence. But most of the 

times, this assumption is violated; because 

usually the attributes are dependent [9]. The 
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purpose of this study was to see how much 

variation it brings on the Bayesian classifier’s 

accuracy rate, when only independent 

attributes were used to train and test the 

classifier. The first task was finding out the 

independent attributes from the used dataset. 

For that, Chi-Square test of independence was 

used. But Chi-Square Approach (CSA) is not 

applicable on continuous attributes. So, the 

continuous attributes were discretized using a 

simple discretization method, named equal 

width discretization (EWD).   

 

Appplying over different datasets, we have 

achived a compressed set of data using PCA. 

Then, the Bayesian classifier was tested 

separately on independent attributes and on 

whole dataset which contains both dependent 

and independent attributes. After that, their 

corresponding accuracy rates were compared. 

 

NAÏVE BAYESIAN CLASSIFIER 

A classifier is a function 



f  apping input 

feature vector X to output class labels 

{C1,C2,…,Cm} where X={x1,x2,…xn} ,the n 

measurements of a tuple for n features. Once 

trained, the classifier can be used to determine 

whether the features used contain information 

about the class.  

 

Bayesian classifiers work by assuming an 

underlying probabilistic model, the Bayes 

theorem [10].By Bayes’ theorem, 



P(Ci | X) 
P(X |Ci)P(Ci)

P(X)                        (1) 

 

Here,C1,C2,…,Cm  are m numbers of classes 

and X is an instance. The naïve Bayesian 

classifier predicts that X belongs to the class 

Ci if and only if 



P(Ci | X)  P(C j | X)   
for 



1 j m, j  i .The class Ci for which 

P(Ci|X) is maximized is called the maximum 

posteriori hypothesis. 

 

To reduce computational cost, the naïve 

assumption of class conditional independence 

is made. It is assumed that the values of the 

attributes are conditionally independent of one 

another, given the class. Mathematically, it can 

be expressed as 



P(X |Ci)  P(Xk |Ci)k1

n


                      (2) 

Here, xk is the value of attribute Ak for 

instance X. The Bayesian classifier is tolerant 

for noisy and incompetent data. It has been 

found to be comparable in performance with 

decision tree and selected neural network 

classifiers [10, 11]. 

 

EQUAL WIDTH DISCRETIZATION 
Discretization is the process of converting 

continuous data into discrete data.  Typically, 

a discretization process [12, 13] works as 

follows- first, the continuous valued attributes 

which are to be discretized are sorted. Then, a 

cut point is evaluated for splitting or adjacent 

intervals for merging. According to some 

criterion, intervals of continuous values are 

split or merged. Then, finally it is stopped at a 

point, which is called stopping criterion. The 

equal-width discretization (EWD) algorithm 

determines the minimum and maximum values 

of the discretized attribute and then divides the 

range into the user-defined number of equal 

width discrete intervals. This is an 

unsupervised discretization process. Figure 1 

gives a graphical view of EWD. Suppose there 

are n training instances.To discretize an 

attribute Xi first the instances are sorted into 

ascending order. The minimum and maximum 

values are referred to as vmin and vmax 

respectively. EWD then divides the sorted 

attributes between  vmin and vmax into k 

intervals of equal width. Thus the intervals 

have width, and the cut points are at vmin+w, 

vmin+2w,…, vmin+(k-1)w 

w=(vmax-vmin)/k                                              (3) 

Here, k is a user defined parameter [14]. 

 

CHI-SQUARE TEST 
Contingency Table 

When the members of a sample are doubly 

classified, the results may be arranged in 

rectangular tables. Such a table is called 

contingency table [15]. It is used to analyze 

and record the relationship between two or 

more categorical variables.  The contents 

found in the rows of a contingency table are 

dependent upon the contents of columns. 

 

Expected Frequency 

An expected frequency is a theoretically 

predicted frequency obtained from an 

experiment. It is assumed to be true until 

statistical evidence indicates otherwise. In 

contingency table, if only the row and column 
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totals were known, and if it was assumed that 

the variables under comparison were 

independent, then the expected frequencies 

would be predicted in each cell of the table.  

 

Observed Frequency 

In contingency table, observed frequency is 

the actual frequency that is obtained in each 

cell of the table. The events being predicted 

must be mutually exclusive and the 

frequencies are from random sample [16].The 

differences between observed and expected 

frequencies suggest that the model expressed 

by the expected frequencies does not describe 

the data well. 

 

 
Fig. 1: Equal width discretization [13]. 

 

Hypothesis Test 

A statistical hypothesis is an assumption about 

a population parameter, which may or may not 

be true. Hypothesis testing is the process of 

choosing between competing hypotheses about 

a probability distribution. It is a core topic in 

mathematical statistics. While considering a 

problem, the question of interest is simplified 

into two competing hypotheses; the null 

hypothesis, denoted H0 and the alternative 

hypothesis, denoted H1. In hypothesis testing, 

if null hypothesis is found to be true then the 

alternative hypothesis is rejected and vice-

versa. 

 

Significance Level 

Significance level is the probability of 

rejecting the null hypothesis when it is true. It 

is the probability of a type I error and is 

usually made as small as possible in order to 

protect the null hypothesis [16].The 

significance level is denoted by α 

Significance Level, α= P (type I error)  

Usually, α is chosen to be 0.05. 

 

P- Value 

In a statistical hypothesis test, if the null 

hypothesis is true, then the probability of 

getting a value of the test statistic as extreme 

as or more extreme than that observed by 

chance alone is called the probability value (p-

value). It is equal to the significance level of 

the test for which the null hypothesis will be 

rejected only. When the p-value is compared 

to the actual significance level of a test and, if 

it is found smaller, then the result is 

significant. For example, if the null hypothesis 

were to be rejected at the 5% significance 

level, then this would be written as "p<0". The 

smaller the p-value is, the more likely the null 

hypothesis is going to be rejected. It indicates 

the strength of evidence. In Figure 2, a 

graphical view of p-value is given. 

 

Degrees of Freedom 

It can be found by the degrees of freedom 

(DF) that how many numbers in the grid are 

actually independent. For a Chi-Square grid, 

the DF  is the number of cells one needs to fill 

in before, given the totals in the margins, one 

can fill in the rest of the grid using a formula. 

The DF for a Chi-square grid can be given as 

(R-1)*(C-1). Here, R stands for rows and C for 

columns. DF in a chi-square test factors into 

calculations of the probability of 

independence. Once a Chi-square value is 

calculated, this value and the DF are used to 

decide the probability, or p-value, of 

independence. 

 

Chi-Square Distribution Table 

In a chi-square distribution table, the 

probability values are represented by the first 

row and the degrees of freedom by the first 

column. To find probability, for a given DF, 

one has to read across the row bellow, until the 

next smallest number is found. Then one has 

to move to the top and find the probability. 

Figure 3 shows the graphical view of chi-

square distribution. Here, the shaded area is 

equal to



 for 



2  2

. A portion of chi-

square distribution table [17] is given in 

Table 1.  

 

Independence Test 

A chi-square test of independence is used to 

determine if two variables are related to each 

other using contingency table. The entries in 

the cells in a contingency table may be 

frequencies or frequencies may be transformed 

into proportions or percentages. However, it 

must be noted that, these entries are not 

presented in continuous measurements. Chi-

squared test can be performed only on discrete 

data. The process of performing Chi-Square 

test of independence is as follows [15, 18] If 

there are two variables  and with levels r 
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and c respectively, the first step of performing 

independence test on them is stating the 

hypotheses as follows. 

H0: Variable A and variable B are 

independent. 

H1: Variable A and variable B are not 

independent. 

 

 
Fig. 2: P-value (the Shaded Area). 

 

 
Fig. 3: Chi-Square Distribution. 

 

Table 1: Chi-Square Distribution Table. 

DF 0.050 0.025 0.010 0.001 

1 3.841 5.024 6.635 10.828 

2 5.991 7.378 9.210 13.816 

3 7.815 9.348 11.345 16.266 

4 9.488 11.143 13.277 18.467 

5 11.071 12.833 15.086 20.515 

… … … … … 

 

The second step is formulating an analysis 

plan. The analysis plan describes how sample 

data can be used to accept or reject the null 

hypothesis. The plan should specify the 

significance level and test method. Any value 

between 0 and 1 can be used as significance 

level. Usually, 0.01, 0.05, or 0.10 are chosen 

as significance level. After that, sample data 

are analyzed. Using sample data, the DF, 

expected frequencies, test statistic, and the P-

value associated with the test statistic can be 

found. The DF is calculated as: 



DF  (r 1)*(c 1)                                 (4) 

Expected frequencies can be computed, 

according to the following formula. 



Er,c 
(nr * nc)

n                                           (5) 

Here, Er,c is the expected frequency count, nr 

stands for the total number of sample 

observations at level r of variable A, nc for the 

total number of sample observations at level c 

of variable B. n is the total sample size. The 

value of  



2 can be measured by the following 

equation: 



2 
(Or,c  Er,c )

2

Er,c


                                 (6) 

Where, Or, c is the observed frequency and 

Er, c is the expected frequency. Then, using 

the value of 



2 and chi-square distribution 

table, p-value is calculated. To interpret the 

result, the p-value is compared to the 

significance level, and the null hypothesis is 

rejected when the p-value is found to be less 

than the significance level. Otherwise, the 

alternative hypothesis is rejected. 

 

PRINCIPAL COMPONENT 

ANALYSIS 
Principle Component Analysis (PCA) is a 

mathematical procedure, used in high 

dimension data analysis, signal processing, 

etc. It is a simple, non-parametric method of 

extracting relevant information from high-

dimensional data using the dependencies 

between the variables to represent it in a 

lower-dimensional compressed form, without 

losing too much information.  

 

First, it analyzes a data table of inter-correlated 

observations described by several dependent 

variables. Then it extracts the important 

information from the data table and expresses 

this information as a set of new orthogonal 

variables, which are called principal 

components. 

 

PCA, is one of the simplest and most robust 

ways of doing such dimensionality reduction. 

It also displays the pattern of similarity of the 

observations and the variables by points in 

maps [19, 20]. Reducing the dimensionality of 

a data set consisting of a large number of 

interrelated variables, while retaining the 

variation present as much as possible, is the 

central idea of PCA. 
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PCA Algorithm [21]: 

Suppose x1, x2, …  xM  are  Nx1  vectors. 

Step 1: Find the mean.  

'x =
1

1

i

M

M
i

x



  

Step 2: Subtract the mean. 

'xxii   
Step 3: From the matrix 1 2[ ... ]MA     (N x 

M matrix) 

Than compute Covariance Matrix   

C= 
1

1

i i

M

M
i




  =AA
T
 

Step 4: Compute the Eigenvalues of   

C: 1 2 ... N      

Step 5: Compute the eigenvectors of C: 

u1,u2,…,un 

Since C is symmetric, u1,u2,…,un form a basis. 
(i.e., any vector x or actually ( ')x x can be 

written as a linear combination of the 

eigenvectors): 

( ')x x  =b1u1+b2u2+…+bNuN=

1

i i

N
b u

i



 

Step 6: (Dimensionality reduction step) keep 

only the terms corresponding to the K  largest 

Eigen values: 

)'( xx 
=

1

i i

K
b u

i



 

To select K several techniques exists. If 

threshold is used than, for a threshold T, K can 

be selected as follows. 

1

1

 

K
i

i
N

i

T










                                                   (7) 

 

EXPERIMENTAL RESULT 
Used dataset 

For this experiment the “thyroid disease data 

set” was used, from UCI machine learning 

repository [22]. This dataset is from Garavan 

Institute, Sydney, Australia; this dataset 

contains 6 data sets. The one used in this 

experiment is the thyroid dataset. The problem 

is to determine whether a patient referred to 

the clinic is hypothyroid. The output from the 

network is expected to be one of the three 

possible classes, namely: (i) normal (not 

hypothyroid), (ii) hyper function and (iii) 

subnormal function. It consists of 3772 

learning examples and 3428 testing examples 

readily usable as ANN training and test sets. 

Each example has 21 attributes, 15 of which 

are binary and 6 are continuous. In the training 

set of this dataset, 2.47% data is primary 

hypothyroid, 5.06% - compensated 

hypothyroid and 92.47% is normal. While in 

testing set 2.13% data is primary hypothyroid, 

5.16% - compensated hypothyroid and 92.71% 

is normal. For our experiment we have created 

five more datasets for training & testing by 

selecting patterns from the original training 

and testing examples respectively. The dataset 

label and sizes are given in Table 2. 

 

Table 2: Total Samples in Datasets. 

Dataset 

Label 

No. of Train 

Patterns 

No. of Test 

Patterns 

D1 400 400 

D2 600 600 

D3 800 800 

D4 1000 1000 

D5 2000 2000 

D6 3428 3428 

 

Data Discretization 

The data set has 6 continuous attributes. To 

perform Chi-square test on the dataset, these 

attributes were needed to be discretized. For 

discretization, EWD was used. First, two 

discretization bin was used for this method. 

More specifically, in equation (3), k=2 was 

used. Later, the bin number was increased up 

to 14 since values above could not provide 

with significant    variation in outcome and the 

continuous values were discretized for 2 to 14 

bins. So, there are a total of 13 different 

discretized output set for the continuous 

attributes. Than Chi-square test of 

independence was performed on the total 

dataset differently for each of the 13 different 

cases. 

 

Checking Dependency 

Following Chi-square approach (CA), first 

DF, expected and observed frequencies were 

calculated. After that, the 



2  was calculated 
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using equation (6). Then, with P-value the 

result was interpreted. This procedure was 

repeated for each two attributes, until all the 

independent attributes were found. When 2 

bins were used for discretizing data, the result 

in Table 3 was obtained. From the second row 

of Table 3, it is seen that, attribute 1 has some 

depended attribute set 

{3,5,6,7,9,10,11,12,13,16,20,21}. So, our 

attempt is to use the dependency information, 

using  only attribute 1 instead of 

{3,5,6,7,9,10,11,12,13,16,20,21}. Among the 

independent attribute set {2, 4, 8, 14, 15, 17, 

18, 19} of 1, again the independence test was 

performed to select another independent 

attribute. The process was continued until a set 

of independent attributes were found.  Finally, 

up to 14 bins were used for discretizing 

continuous values, and independence test were 

carried on for each different set of data where 

all the patterns consisted of discrete values. 

Among 21 attributes, attribute set {1, 4, 8,12 

,14} were found to be independent of each 

other by taking union of all the outcomes from 

the 13 different tests. Then a separate dataset 

for each of the dataset from Table 2 was 

formed by projecting the original ones on the 

new dimension.  

 

Result Analysis 

The classification accuracy of Naïve Bayesian 

classifier was analyzed in three different 

scenarios, for six different dataset. In each 

case the classifier was trained with training 

patterns from the six datasets given in Table 2 

and tested on the corresponding test patterns. 

Firstly, features were selected from the 

datasets using PCA and the NB classifier was 

trained and tested. Secondly, the classifier was 

trained with features selected by applying 

CSA on the datasets. Thirdly, the selected 

features using CSA was compressed using 

PCA to get a more compact set of features and 

the classifier was allowed to train and test 

based on these features. Figure 4 depicts the 

performance of the three approaches. 

 

To select the Principle Components we 

followed two approaches. Firstly using 

equation (7) we used a threshold of 0.8 and 0.9 

and examined the result. Then since we have 

only six Eigen values, we also assayed by 

using all subsets of the eigenvectors to 

measure the performance. Top two Eigen 

values were finally selected according to 

performance. The only PCA based approach 

shows an accuracy of 82.25% for dataset D1, 

which rose up to 92.125% for D3. For larger 

dataset D6 performance dropped to a level of 

64.5858%. Compared to other approaches, the 

PCA only approach is found to be less reliable, 

since for larger datasets the performance 

decreases, where other approaches have shown 

better performance.   

 

Table 3:  Independence Test on Attributes for Two Bins. 

Attribute Independent Attributes Dependent Attributes 

1 2,4,8,14,15,17,18,19 3,5,6,7,9,10,11,12,13,16,20,21 

2 15,17,18 4,8,14,19 

15 17,18  

17 18  

Final Output 1,2,15,17,18 3,4,5,6,7,8,9,10,11,12,13,14,16,19,20,21 

 

No. significant differences were found on the 

overall classification performance while using 

the CSA, compared to that of the CA. 

Performance of these two approaches was 

same for dataset D2, D3, D4. For D1, D5 and 

D6 the CS approach came out with better 

accuracy, but the discrepancy was only 0.25, 

0.05 and 0.0591 respectively. Interestingly, the 

performance discrepancy is not increasing as 

the dataset size increases. Finally, the average 

required times to train the classifier for CA 

and CSA were analyzed. We experimented 

only for the larger datasets from Table 2. Thus 

D5 and D6 was taken into consideration. In a 

computer with 2.5GHz Intel Core i5 processor 

and 1600MHz 4GB DDR3 RAM  the CA 

came out with faster performance as expected 

due to the compression,  

 

Table 4: Average Training Time. 

Dataset Size CSA Time(s) CA Time(s) 

2000 0.0452 0.0201 

3428 0.0509 0.0232 
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Fig. 4: Accuracy Rate Comparison of all Approaches. 

 

Compared to that of CSA as shown in Table 4. 

Thus considering time requirement for our 

environment, the Chi-Square and PCA based 

combined approach for selecting features for 

NB classifier is much better compared to other 

two approaches. 

 

CONCLUSION & FUTURE WORKS 
The Naïve Bayesian classifier works on a 

simple, but comparatively intuitive concept 

making use of the variables contained in the 

data sample, by observing them individually, 

independent of each other. Our concern was 

the pre-processing phase, and the relevant 

effect on the classification phase. So, in future, 

combined approaches that may use this 

approach with other clustering based feature 

selection can also be examined for efficient 

selection of more robust feature subsets to use 

in model construction. It’s capability in online 

adaptive systems demands evidence since this 

approach works surprisingly well with reduced 

set of features.  
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